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Abstract 

The seven geometries H 3 , S 3 , H 2 x M , S 2 xl, PSL 2 (R), Nil and Sol of the 
Thurston's geometrization program are proved to originate naturally from singularization 
morphisms and versal deformations on cuclidcan 3 -manifolds generated in the frame of the 
Langlands global program. 

The Poincare conjecture for a 3 -manifold appears as a particular case of this new approach 
of the Thurston's program. 



1 Introduction 



The classification of 3 -manifolds is now based upon the Thurston's geometrization conjecture 
[Thu5] which states that every three-dimensional manifold has a natural decomposition into 
building blocks characterized by eight specific geometric structures [Pap]. 

R. Hamilton [Ham] formalized such approach by introducing the Ricci flow on a Riemannian 
space and, recently, G. Perelman [Perl], [Per2], developed a new method of surgery of the Ricci 
flow by extending the flow past the singularities in order to solve the technical difficulties of the 
Hamilton's program [Mor], [Sch]. 

The interesting feature of the Thurston's geometrization conjecture is that it implies the Poincare 
conjecture in dimension 3 as a special case. 

S. Smale [Sma2] proved the Poincare conjecture in the dimensions superior to four by developing 
a method for breaking manifolds into handles and M. Freedman using Casson-handles succeeded 
in proving the four-dimensional case [Free] . 

But, the three-dimensional case [Sar] still remains difficult, perhaps because it is related to the 
"real" mathematical world [Smal]. 

In this perspective, a new approach of the Thurston's program is envisaged in this 
paper in a "natural way", i.e. without envisaging surgeries, in such a way that: 

a) the "unperturbed" Thurston's program, corresponding to the Euclidean geom- 
etry E s and to the boundary tori T 2 , proceeds respectively from the global 
program of Langlands in dimensions three and two [Piel]. 

b) the "perturbed" Thurston's program, associated with the remaining 7 geometries 
H 3 , S" 3 , S 2 xl, H 2 x R , PSL 2 (M) , Nil and Sol, results from the singularities 
and their versal deformations on E 3 . 

As the structure of the space in dimension three [Hem] corresponds to the real world in which 
we are living, it would be reassuring to know that the unperturbed and perturbed 
Thurston's programs are linked to the physical reality. Now, it is the case since it was 
proved in [Pie3] that the Langlands global program in dimensions two and three with singularities 
is associated with the generation of the representation spaces of algebraic (bisemi)groups which 
correspond precisely to the structure of the vacuum space physical fields of elementary particles 
[Pie4] submitted to strong fluctuations. 

In the new context envisaged here, the Thurston's program [Thul] [Thu4] is directly 
related to algebraic geometry and number theory by means of the Langlands program 
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and to quantum field theory by the geometries of 3-manifolds associated with the field 
structure of elementary particles. 

This new approach of the Thurston's program allows to understand that the origin of the 
geometries of 3-manifolds [Gor] depends on: 

• the singularization morphisms which are introduced [Pie2] as the inverse morphisms of 
desingularizations [Dur] . 

• the versal deformations of these singularities. 

• the types of geometries characterizing the singularizations and the versal de- 
formations. 

More concretely, the eight geometries of 3 -manifolds will appear as resulting from the 
following procedure exempt from surgeries: 

1. we start with the Langlands global program in real dimensions two and three 

by generating the representation spaces Repsp(GL2(F^ x Fj)) and Repsp(GL3(F<j x F v )) 
of the algebraic bilinear semigroups GL^F-T x Fj) and GL 3 (F F x F v ) respectively over 
the products (F^ x Fj) and (Fy x F v ) of sets of toroidal and normal real completions. 

According to [Piel], the representation space Repsp(GL2(Fj x Fj)) is constituted by a 
tower of conjugacy classes of GL^Fj x Fj) composed of products, right by left, F^(j) x 
T|(j) of increasing two-dimensional (semi)tori. 

Similarly, the representation space Repsp(GL3(Ft7X F v )) is constituted by a tower of conju- 
gacy classes of GL^F^x F v ) composed of products, right by left, of increasing Euclidean 
semispaces E R (j) x -E£(j) , each one characterized by the Euclidean geometry 
E 3 . 

This step corresponds to what is called the unperturbed Thurston's program. 

2. To get the perturbed Thurston's program, we generate singularities by singu- 
larization contracting surjective morphisms on the Euclidean semispaces E^(j) and 
E 3 L (j). 

Afterwards, we consider the versal deformations of these singularities envisaged as 
extensions of the singularization morphisms [Pie2]. 

3. By analysis of the local geometries resulting from these singularization and versal deforma- 
tion morphisms, we find that: 

(a) the singularities of corank 3 , 2 and 1 are respectively responsible for 
the generation of the five local geometries (H 3 ), (H 2 X R,PSL 2 (M)) and 
(Nil, Sol) in the neighborhood of these singularities. 
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(b) the versal deformations of these singularities in codimensions 3 , 2 and 1 
generate locally respectively the geometries S s , S 2 X R and Sol . 

(c) the Poincare conjecture for a 3 -manifold appears as a particular case of 
the versal deformation in codimension 3 . 
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2 Origin of the different geometries of 3-manifolds 



Singularization morphisms and versal deformations of these involving non-euclidean geometries 
will be introduced in this chapter. 

But, first, the global Langlands program, leading to the unperturbed Thursdon's program asso- 
ciated with the euclidean geometries, will be recalled. 
The developments of this chapter refer to the paper [Pie2]. 

2.1 Representation spaces of algebraic bilinear semigroups 

The Langlands global program is based on the representations of the Weil groups, given by the 
(representation spaces of) algebraic groups which are in one-to-one correspondence with their 
cuspidal representations. 

So, the representation spaces of algebraic groups have to be taken into account, but, in order to 
be the most complete and general, bilinear algebraic semigroups will be considered since they 
cover their linear equivalents [Piel]. 

• A bilinear algebraic semigroup GL„(fR X F£) : 

- is a bilinear semigroup whose bielements are submitted to the cross binary operation 
2< sending products of right and left elements, referring respectively to the lower and 
upper half spaces, either in diagonal bielements or in cross bielements [Piel]. 

- can be decomposed according to: 

GL n {F R x F L ) = T l n {F R ) x T n {F L ) 

where: 

* Fr and Fl are right and left finite algebraic symmetric finite extensions of a 
global number field k of characteristic zero; 

* T h (Fl) (resp. T^(Fr)) is a left (resp. right) semigroup of upper (resp. lower) 
triangular matrices with entries in the semifield Fl (resp. Fr ). 

• The representation (bisemi)space of the algebraic bilinear semigroup of matrices 
GL n (F R X F L ) is given by the GI, n (F R X F L ) -bisemimodule G< n > (F R X F L ) which 
is an affine bisemispace (V r ®f r xF l Vl) , in such a way that the left (resp. right) affine 
semispace Vl (resp. V r) is localized in the upper (resp. lower) half space, and is 
symmetric of V r (resp. Vl). 

• The left and right equivalence classes of the real completions of Fl and Fr are respectively 
the infinite real places noted v = {vi, . . . , Vj, . . . , v t } and v = {v±, . . . ,Vj, . . . ,vt} ■ 
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The infinite places associated with the complex completions of Fl and Fr are the sets 
w = {wi, . . . , Wj, . . . , w r } and w = {wi, . . . , Wj, . . . ,W r } . 

The real completions are assumed to cover the corresponding complex completions and the 
infinite real and complex places are characterized by increasing Galois extension degrees as 
developed in [Pie2]. 

By this way, we get a left (resp. right) tower 

Fv = {-^W j • • • j F Vj , . . . , F Vt mt } (resp. Fy = {Fjj 1 , . . . , F^^ , . . . , Fy t mt } ) 
of packets of equivalent real completions covering the left (resp. right) tower 

Fw = {-^tui ! ■ ■ ■ j , . . . , F Wt }t=r (resp. Fyj = {Fuj 1 , . . . , Fyjj , . . . , Fyj t } ) 
of corresponding complex completions. 

• Let G^ n \Fy x F v ) be the bilinear algebraic semigroup with entries in the product, right 
by left, Fu x F v of towers of packets of equivalent real completions. 

G( n \Fy xF„) is then composed of conjugacy class representatives G ( - n \F 1]jrn _ x F v . m . ) , 
1 < 3 < t < oo , having multiplicities 1 < nij < and being GL n (Fv jm . x F Vj )- 

subbisemimodules C G^ n \Fjj x F v ) . 

Similarly, the complex bilinear algebraic semigroup G^ n \F 1I j x F w ) with entries in the 
product, right by left, Fyj x F w of complex completions, is composed of a tower of in- 
creasing conjugacy class representatives G ( - n \F Wj x F Wj ) , 1 < j < r < oo , t = r , 
being GL Tl (i^ j X F Wj ) -subbisemimodules covered by the corresponding packets 
G^(F 5j x F Vj )} of real conjugacy class representatives. 



2.2 Proposition: Double tower of increasing 3D -euclidean subspaces 

Let Gf{F v ) = Repsp(GL 3 (F 1 ,)) = Repsp(T 3 (F 1 ,)) (resp. Gf \F V ) = Repsp(GL 3 (F ? )) = 
Repsp(T|(F^)) ) denote the representation space of the left (resp. right) linear algebraic semi- 
group of real dimension 3 with entries in F v (resp. Fy ) such that: 

. G^\f v )cG^(F v xF v ); 

. Gf(Fv)cGW(F ¥ xF v ). 

Then, G L {F V ) (resp. G R {F^)) is composed of a left (resp. right) tower 
{G { l ] {F v ^ m] )}^ mj (resp. {G^ {F Vjm . )}j, mj ), 1 < j < t < ce , of increasing conjugacy 
class representatives which are three-dimensional euclidean subspaces localized in 
the upper (resp. lower) half 3D -space. 
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Thus we have that: 



Gf =E* = {El(j, mj)} (resp. G% = E R = {E R (j, m,-)} ) 

where: 

• El (resp. E R ) is the 3D -half upper (resp. lower) euclidean space; 

• El(j,rrij) (resp. E R (j,rrij) ) is a 3D -half upper (resp. lower) euclidean subspace charac- 
terized by a rank r E z ~ (j . iV) 3 . 

Proof. 1. The conjugacy class representatives G^(F Vjm ,) (resp. G^ R (Fy j>m . ) ) are 3D -half 
upper (resp. lower) euclidean subspaces E\(j, mj) (resp. E R (j,mj)) because they are 
constructed from flat real completions F Vjm , (resp. Fy jm , ) submitted to the operator 
"flat" morphism [Piel] (of a fibre bundle) 

(resp. Tl(F v . m .): F v . m . > G%\F v . m .) ) 

sending the completion F Vjm , (resp. Fy jm , ) into the left (resp. right) GLs(F Vj m .) - 

(3) (3) 

subsemimodule G L (F Vjm ) (resp. GL3 (Fj Jj m ) -subsemimodule G R (F Uj m ()) which is 
euclidean because there is no deviation to euclidicity generated by the injective 
morphism T 3 (F V .) (resp. lt(F v ..)) as developed in [Pie2]. 

2. El(j,rrij) and E R (j,mj) are characterized by a rank r E 3 = (j . iV) 3 because they are 
built from the completions F Vj and F Uj having a Galois extension degree 

[F v . : k] = [F Vj :k]=j.N 

where j is a global residue degree and N is the degree of an irreducible completion 
[Piel]. ■ 



2.3 Proposition: Double tower of increasing 2D -tori 

Let Fj (resp. F^ ) be the set of packets of real completions compactified toroidally. 
Let G^ ) (F v r ) = Repsp(T 2 (Fj)) (resp. G r \f£) = Repsp(T 2 *(Fj)) ; denote the representation 
space of the left (resp. right) linear algebraic semigroup of real dimension 2 with entries in F^ 
(resp. F£ ). 

Then, (Fj) (resp. G r 2 \f£) ) C G < " 2 \F^ x Fj) is composed of a left (resp. right) tower 
of increasing conjugacy class representatives which are two-dimensional (semi)tori T L (j) (resp. 
T R (j) ), 1 < j < t < 00 , localized in the upper (resp. lower) half 3D -space. 
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Proof. The toroidal completions Fj, (resp. ) of Fj (resp. F^ ) are in fact circles obtained 

from the corresponding completions F Vj (resp. F Sj ) by connecting their endpoints. 
The flat morphism 

r 2 «): Fl >Gf{Fl) 

(resp. T 2 (FT): ► G%\f*) ) 

sends the toroidal completion F^ (resp. F^ ) at the Vj -th (resp. Vj) th) place into the conjugacy 
class representative G^\fJ.) (resp. G R ^{F£)) in such a way that T|(j) = G^\fJ.) (resp. 

^•) = 4 2) (^)). 

So, T2(Fj.) (resp. T^F^.) ) corresponds to an injective morphism. ■ 



2.4 Three-dimensional and two-dimensional (semi) sheaves of different iable 
functions 

• Let <f$ (x ( 3) ) (resp. O*^ 3 ) ) ) denote the set {4>a] m . (^P))}^ (resp. 

^ hl n 'Jr 3 ' 3l yj L 

{(f^Q. (x (3))}j, m ) °f smooth differentiable functions on the set {E^(j, nij)} (resp. 

3> m j R 9j R 

{E^(j,rrij)}) of increasing conjugacy class representatives of G^\f v ) (resp. G^(Fy)). 
This set (t>(p L {x g (3)) (resp. ^q r {x g (z) ) ) of smooth differentiable functions is the set of 
sections of a semisheaf of rings 6 ( 3 ) (resp. #„(3> ) on the linear algebraic 

R 

semigroup G^\f v ) (resp. G^i^)) [Piel]. 

(2) (2) (2) 

• Similarly, let ^(^(2)) (resp. (jr^ {x g (2) ) ) denote the set \4>q. (x g (2))}j (resp. 
( x n (2))}j ) of smooth differentiable functions on the set {T^(J)}j (resp. {T^(j)}j ) of 

6 S ( V 



' 3R g iR 



increasing two-dimensional (semi)tori of G^ (Fj) (resp. G^(FT)). This set <^t(x (2)) 
(resp. 0^,t( x (2))) of smooth differentiable functions is the set of sections of a sem- 

^R 9r 

isheaf of rings 0„(2) (resp. Q„(i) ) on the left (resp. right) algebraic semigroup 

L R 



G { l\FT> (resp. G^ 2) (*?))• 



2.5 Proposition: Langlands global correspondence — 2D real case 

Let (Tj 2 \\VF v . X Wjr w .) = G^{F?jj. X -FV,) denote the 2 -dimensional representation 
subspace of the product, right by left, Wjr_ X Wf v . of the Weil subgroups restricted 
to Fv d and F Vj . 

Let 0^ (Tl(j)) (resp. ^g- (TrU)) )> denoting the smooth differentiable left (resp. right) func- 
tion on the (semi)torus T|(j) (resp. T^(j) ), be the cuspidal representation Hj(GL2(F Vj )) (resp. 
Uj(GL2(F Uj )) ) of the j -th conjugacy class representative of the algebraic semigroup GL^-F^) 
(resp. GL 2 {F U ) ). 
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Then, there exists a Langlands global correspondence 



T L2 : o- (2 Hw£ X Wg) ► n(GL 2 (F^ ffi X F V(B )) 



between the sum o-( 2 )(Wjg X Wjjf) of the 2 -dimensional conjugacy class repre- 
sentatives of the product, right by left, of the Weil subgroups given by the alge- 
braic bilinear semigroup G^ 2 \F^ B X F v& ) and its cuspidal representation given by 
II(GL 2 (F„ ffl X F v& )), where F v& = F . 

Proof. This is rather immediate if we refer to the preprint [Piel]. 

Indeed, the product, right by left, T^(j)xT|(j) of the (semi)tori T|(j) and T 2 (j) results from 
a bijective toroidal compactification of the conjugacy class G^ 2 \F V . x F v .) of G^ 2 \F 1J x F v ) . 
So, we have that: T 2 R {j) x T 2 (j) = G^(Fj x Fj) . 

And, the smooth differentiable bifunction (i.e. the product of a right function by its left equiv- 
alent) 4$ (T|(j)) ® 4$ on x T 2 (j)) constitutes the cuspidal representation 
n,(GL 2 (WJ x of GL 2 (i^. x or of G^{F 1]] x . 

So, the sum <r' ^ (W^ x Wfj of the 2 -dimensional conjugacy class representatives of the Weil 
subgroups given by: 

a^(Wf R x Wfj = ®(GW(F V . x F v .)) 
j 

is in one-to-one correspondence with the searched cuspidal representation IT(GL2(i ? u ffl x F V(B )) 
since: 

a^ 2 \wf R xWg)~ e(n j (GL 2 (F^. x 

= n(GL 2 (F Ue xF v J) . 

It then appears that to the set of products, right by left, of the (semi)tori T R (j) and T 2 (j) , 
1 < j < t < oo , referring to the toroidal representation space of the two-dimensional bilinear 
algebraic semigroup G^ 2 \Fy x F v ) , corresponds a cuspidal representation n(GL 2 (i^ ffi x F v@ )) , 
i.e. a Langlands global correspondence. ■ 



In the three-dimensional case, as we are dealing with the set of products, right by left, 
of euclidean (semi)spaces E R (j,m,j) and E^jjUij) , referring to the representation subspaces 
of the 3D -bilinear algebraic semigroup G^ 3 \Fy x F v ) , a holomorphic representation of 
can be built according to [Piel] but not a cuspidal representation. Nevertheless, 
if a toroidal compactification of these subspaces E R (j,m,j) and E\{j,m,j) , giving rise to the 
corresponding 3D -tori T R (j,m,j) and T|(j, mj), is envisaged, then a cuspidal representation 
of GL3(F^ x F v ) can be obtained, leading to a 3D -Langlands global correspondence as it was 
developed for the two-dimensional case in Proposition 2.5. 
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2.6 Introducing singularizations 

The generation of singularities, called singularizations, will now be recalled; they consist 
of collapses of normal crossings divisors into the singular loci and correspond to 
contracting surjective morphisms being inverse of those of resolutions of singularities 
[Dej], [Hir], [Zar]. 

These singularizations will be envisaged on the smooth differentiable functions (f>Q L (E L (j,mj)) 
(resp. (pg) R (E R (j,mj))) and ^qt(^lO')) ( res P- ^qtC^rU))) respectively on 3D -euclidean 
(semi)spaces and on 2D -(semi)tori. To facilitate the notations, they will be written indistinctly 
4>L (resp. 4>r) until the section 2.10. 

A normal crossings divisor will be assumed to be a function on one or a set of real irreducible 
completions of rank N [Pie2]. 

2.7 Proposition: Contracting surjective morphism of singularization 

Let Dl (resp. D R ) be a normal crossings divisor of the regular function <p L (resp. 4>r) given 
by: 

4> L = <j) L U D L (resp. <f) R = <f> L U D R ). 

The singularization of (f> L (resp. 4> R ) into the singular locus ~£l (resp. ~Er) 
results from the contracting surjective morphism: 

PL : ~4>L ► <P*L ( res P- PR ■ ~4>R ► 4>*R ) 

in such a way that: 

a) Y,l C 4> L (resp. Y,r C cf)* R ) be the union of the homotopic image of Dl C 4>l 
(resp. Dr C 4>r ) an d °f a possible closed singular sublocus Xf C Si (resp. T> R C Y,r ) 
of 4>* L (resp. <f> R ): 

S L = P L pL)USf (resp. S R = p R (D R ) U E| ) ; 

b) ~p L (resp. ~p R ) restricted to: 

ft : 4> L x p-L^L ) ► <P1 n S L (resp. p| : cj> R x p R \Z s R ) > <P*r^Z r ) 

be an isomorphism. 

Proof. • The singular sublocus S| C 4> L (resp. T, R C 4> R ) results from singularizations 
anterior to that of 'p L (Df J ) (resp. ~p R (D r )) and then becomes the singular locus of a 
possible future blowup. 
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• Let pf : Dl — > T>l \ Sf (resp. : D# — > Y< R \ ) be the singularization morphism 
restricted to the singular locus T,l \ S| (resp. \ ). 

Then, \ S| (resp. T, R \ ) is the contracting homotopic image of Dl (resp. D R ) 
in such a way that ~p L \ p^ (resp. p~fj \ ~p R ) be a surjective morphims. 

• The inverse morphism 

Pl 1 : <f>l ► ~4>L (resp. p^, 1 : ► $ R ) 

of the singularization p L (resp. p^ ) corresponds to the blowup of the singular 
locus Sl (resp. £_r ) of <^>2 (resp. 4>* R ) since 

Pl 1 ^ (p£) _1 = S L ► D L (resp. T R n (p 1 !)" 1 : Sr ► D fl ) 

is a projective morphism sending the singular locus £l (resp. £r ) into the projective 
normal crossings divisor Dl (resp. -Dr). ■ 

2.8 Proposition: Sequence of surjective morphisms of singularizations 

The singularization ~p L '■ 'Pl^ <Pl ( res P- ~Pr '■ $>r ~^ 4>r ) of the smooth function <fi L (resp. <fi R ) 
is given by the following sequence of contracting surjective morphisms: 

(resp. ~4> R 

where ff[ ^ denotes the (r — 1) -th surjective morphism of singularization of cp L generating 
4>*l' ^ , in such a way that: 

a) the singular locus C <j)* L = <j>ip (resp. Y, R C <j)* R = (f)* R ^ ) is given by: 

Sl - E« = Pi 1} (4 0) ) U pi 2) (4 1} ) U • • ■ UpPK^) 
(resp. = =#(Dg))U^)(Dg))U...U#(Dr i) ) ) 

lifer* E^WlW) fresp. Sg^pg)^);; 
^ Pl (resp. ~p R ) restricted to: 

pf : ? £ N^(4 f) ) ► 

fresp. pg s) : \ p^sj?) ► 4>* R \ sg } ) 

is an isomorphism; 
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= 4> 



-(i) 

(0) Pi\ 







-(2) 

*(1) A> 



.(2) 



,*(r-l) Pi 



(r) 



-(1) -(2) 
,(0) ,*(1) Pfl 



J* (2) 
R 



*(r) 



-(r-l) _(r) 



c) The orders "I " of the singular subloci Tr L (resp. Tr R ) form an increasing sequence from 
left to right, 1 < I < r . 

Proof. This proposition is an evident generalization of proposition 2.7 to a set of successive 
surjective morphisms of singularization giving rise to a singular locus (resp. ) of order 



2.9 Definition: Corank of the singular locus 

Let P(xL,yL, zl) (resp. P(xr, yn, zr) ) be the polynomial characterizing the germ of the singular 
function <p L (resp. (j)* R ) and also the singular locus (resp. S^j). 
The number of variables of this polynomial is the corank of the germ of <fi* L (resp. (j)* R ). 
This corank is inferior or equal to 3 according to [A-V-G]. 

If the singular locus (resp. T,r ) is given by a singular point of finite codimension, then the 
corresponding simple germs of differentiable functions are: 



A k : 


P(x) 


= x k+l , 


k > 1 , 


D k : 


P(x,y) 


= x 2 y + y k - 1 , 


k > 4 , 


Eq : 


P{x,y) 


= x 3 + y 4 , 




E 7 : 


P{x,y) 


= x 3 + xy 3 , 




i?8 : 


P{x,y) 


= x 3 + y 5 . 





2.10 The Malgrange division theorem for germs of corank 1 

The Malgrange division theorem for differentiable functions, being the corner stone of the versal 
deformation, will now be recalled for germs of functions having a singularity of corank 1 
and order k . 

Let x' L = (x\ l ,X2 l ,ujl) (resp. x' R = (x\ R1 X2 R , ujr) ) be a triple of coordinates in such a way 
that x' L (resp. x' R ) be localized in the upper (resp. lower) half 3D -space. 
A germ P{ojl) (resp. P(ujji)) has a singularity of corank 1 and order k in lol (resp. ujr ) if 
P(0, ujl) = u\ e(wt) (resp. -P(0,cjr) = u> R e(cjfj) ) where e{uiL) (resp. e{u)R) ) is a differentiable 
unit verifying e(0) ^ . 

Let 6[ujl] (resp. 6[ujr] ) be the algebra of polynomials in ujl (resp. lor ) with coefficients a{xi) 
(resp. a(xji) ) being ideals of functions defined on a domain Dr l (resp. Db r ) included in an 
open ball centered on u>l (resp. ujr). 

xl = (xi L ,X2 L ) (resp. xr = (x\ R ,X2 R ) ) are bituples of coordinates in the upper (resp. lower) 
half space. 
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The Malgrange division theorem for a germ P(ujl) (resp. P(cj^) ) of corank 1 and 
order k then corresponds to the versal unfolding of P(u>l) (resp. P(u>r) ) and is 

given by [Mai], [Thorn], [Mat]: 

f L = P{uj l ) q L + R L (resp. f R = P(u R ) q R + R R ) 

where: 

• /l (resp. /#) is a 3D -differentiable function (germ); 

• qL (resp. q R ) is a 2D -differentiable function (germ); 

• R L = S Oi(xL) wi G 

i=i 

(resp. i? R = £ ai(xft) w R € 6>[wr] ) 
«=i 

is a polynomial with degree s < k , s < 3 in the 3D -case. 
The division theorem can be easily stated for germs of corank 2 and 3 , as developed in [Pie2]. 

2.11 Singularization of semisheaves 

We now come back to the notations of section 2.4 where a left (resp. right) semisheaf 9 (z) (resp. 

L 

9 (3) ) of 3D -differentiable functions <f) G ^ (^\(ji m j)) (resp. </>£P {^ R {ji m j))) on upper 
(resp. lower) 3D -euclidean (semi)spaces was introduced. 

Similarly, a left (resp. right) semisheaf 6 (2) (resp. 9 (2) ) of 2D -differentiable functions 

G L G R 

4>q. (T|(j)) (resp. ^g- (T R (j) )) on upper (resp. lower) 2D -(semi) tori was envisaged. 

The two cases will be considered in the following but the developments will only concern here 

the 3D -case, the 2D -case being treated similarly. 

The singularization of the semisheaf 9 ( 3 ) (resp. 9 ( 3 ) ) in the sense of proposition 2.8, 

L G R 

given by the contracting surjective morphism(s): 

Pg l : G f ► °* G (3) ( res P- Pg r e G f ► e * G (3) ) 

concerns all the sections <f>^ (E L (j,rrij) C # G (3) (resp. 4>^ G . {E R (j, rrij) C # G (3) ) which 
are affected with germs Pj(u>L) (resp. Pj(u R ) ) having degenerate singularities of corank inferior 
or equal to 3 . 

2.12 Proposition: Versal deformation [G-K] 

Let 9[u>l] (resp. 9[co R ]) be the algebra of polynomials Rl (resp. R R ) of the versal unfolding of 
the germs Pj(ujL) (resp. Pj(uj R ) ) of the sections of the semisheaf 0^ (3) (resp. 0^ (3) ). 
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Let 9 Sl = {0{u>D, 9{u L ), . . . , 9(ui)} (resp. 9 Sr = {9(co R ), 9{u R ), 9{co s R )} ) denote 
the family of (semi) sheaves of monomial functions uj' 1 l (resp. oj r ) of the polynomials Rl£L9[ujl\ 
(resp. R R G 9[lo r ] ). 

Then, the versal deformation of the singular semisheaf 6* (3) (resp. 9* (3) ) is given 

G L G R 

by the contracting fiber bundle: 

Ds L : 9* i3) x 9 Sl ► 9* (3) (resp. D Sr : 9* (3) x 9 Sr ► 9* (3) ) 

L L U R ^R 

in such a way that 6 ve ^ = 6* (3) X 6s L (resp. 9 ve ^ = 6* (3) X 9s R ), being the versal 

G L G L G R G R 

deformation of 0^ (3) ("resp. 6*^ {3) J ; is i/ie iotaZ space of the fiber bundle Ds L (resp. 
D Sr ) ) [G-KJ, [Mat]. 

Proof. The algebra of polynomials 9[u>l] (resp. 9[ujr\ ) is given by 9[ujl\ = 9$ L x 6* aL (resp. 
^[wr] = 9s R x afl ) where 9 aL (resp. 6* afl ) is the sheaf of functions a(xi) (resp. o(xr) ) 
introduced in section 2.10. 

This algebra of polynomials is the quotient algebra of the versal deformation: it is 

the quotient of the algebra £l (resp. £r ) of function germs (generally given by integer power 
series) by the graded ideal Ip L (resp. Ip R ) of germs P{ul) (resp. P(ujr)) [A-V-G]: 

6[u L ] = £l/Ip l (resp. 9[u R ] = £r/Ip r ). 

The quotient algebra 0[a;£,] (resp. ) is thus finitely generated: it is composed of 

the polynomials Rl (resp. Rr ) which generate vector (semi)spaces of dimension " s " which is 
the codimention of the versal deformation. So, 9[ljl] (resp. 9[ujr] ) and, thus, 9s L (resp. 9s R ) 
define the versal deformation of the singular semisheaf 9* (3) (resp. 9* (3) ). ■ 

G L G R 



2.13 Proposition: Sequence of versal subdeformations 

The versal unfolding of a germ of differentiable functions is generated by a sequence of contracting 
morphisms extending the sequence of contracting surjective morphisms of singularization. 

Proof. This proposition was proved in [Pie2] for the versal unfolding of the germ P(ojl) = 
(resp. P(lor) = ^ R +1 )• Indeed, it was shown that a sequence of (k — 1) contracting fiber bundles, 
whose fibers are divisors projected in the neighbourhood of the singular germ, is responsible for a 
sequence of (k — 1) versal subdeformations generating finitely (i.e. term by term) the polynomial 
Rl (resp. Rr ) of the quotient algebra 9[ujl] (resp. 9[lor] ). The order of the divisors, projected 
in the neighbourhood of the singular germ, increases in function of the increase of the dimension 
of the generated vector sub (semi) spaces of the versal unfolding. By this way, the space around 
the singularity becomes more and more compact in relation with the increase of the 
(co)dimension of the versal unfolding. ■ 
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3 Natural generation of the three-dimensional geometries of 
Thurston 

Before proving that the non-euclidean 3D -geometries proceed from singularization morphisms 
and versal deformations of these, the origin of the hyperbolic and spherical geometries will be 
introduced. 

3.1 Left and right actions of the Kleinian group 

• The Kleinian group G K of R = R n U {00} is the group of Mobius transformations of 
R " acting discontinuously somewhere in R n . 

The action of the Kleinian group Gk can be extended to H n+1 = H n+1 U R " where 
H n+1 = {(xi, . . . , x n+ i) G R n+1 : x n+ \ > 0} is the (n + 1) -dimensional hyperbolic space: 
Gk thus acts as a group of isometries of H n+1 with the hyperbolic metric. 

The orbit space Mg k of the Kleinian group Gk is defined by: Mg k = (H n+1 \ 
L{G K ))/G K whereL(G K ) is the limit set of G K [Mil3]. 

This limit set is the closure of the set of fixed points of non-elliptic elements of Gk [Abi] . 
It is a nowhere dense set whose area measure is zero. 

An ordinary set O(Gk) of the Kleinian group Gk is given by Q(Gk) = R™ x L(Gk) ■ 

Recall that a Mobius transformation g of R~™ is loxodomic it it is a transformation of 
the form g(x) = A a(x) where x G R ra , A > 1 and a G 0(n) is the orthogonal group 
of R n . g is hyperbolic if a = id. , elliptic if A = 1 and parabolic if g has the form 
g(x) = a(x) + a , where a G R n \ {0} . 

• Similarly, left (resp. right) Mobius transformations gi, (resp. gpt), gL = 9 , acting 
discontinuously in the upper (resp. lower) half space G^{F V ) (resp. G^H^) ) 

can be 

introduced as well as the left (resp. right) action of the Kleinian group Gk on 

the upper (resp. lower) (n + 1) -dimensional hyperbolic half space -£f£ +1 = H n+l (resp. 

). The left (resp. right) orbit space Mg Kl (resp. Mq Kr ) associated with the left 
(resp. right) action of the Kleinian group is defined by: 

M Gkl = (HT 1 x L(G Kl ))/G Kl (resp. M Gkr = (H n R +1 x L{G Kr ))/G Kr ) 

where L(Gk l ) (resp. L(Gk r ) ) is the limit set of the Kleinian group Gk acting on the 
upper (resp. lower) half space. 

A left (resp. right) ordinary set CI(Gk l ) (resp. Q(Gk r ) ) of Gk l (resp. G(Kr)) 
is given by: 

n(G KL ) = G (n \F v ) \ L(G Kl ) (resp. SI(G Kr ) = G™(F V ) \ L(G Kr ) ) 
where G( n \F v ) and G^(F^) are introduced in section 2.1. 
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3.2 Proposition: Hyperbolic geometry in the neighbourhood of the singular 
locus 

Let Y>l (resp. T,r ) be the singular locus of a germ of corank inferior or equal to 3 on the 
singular function (f)* L (resp. (f> R )- 

Let Dy, l (resp. D^, R ) denote the neighbourhood of this singular locus. 
Thus, we have that: 

1. the limit set L(Gk l ) (resp. L(Gk r ) ) of the Kleinian group Gk l (resp. Gk r ) 
corresponds to the singular locus ~£l (resp. ~En). 

2. The ordinary set(s) Q(Gk l ) (resp. fl(GK R ) ), characterized by a hyperbolic 
geometry, correspond to the neighbourhood D^, L (resp. D-£ R ) of the singular 
locus ~£l (resp. 



Proof. 1. The limit set L(Gk l ) (resp. L{Gk r )) is a nowhere dense set, and, furthermore, 
it has a measure equal to zero: thus, it must correspond to the singular locus T,l (resp. 

2. From section 3.1, it then results that the ordinary set Q(Gk l ) (resp. Q(Gk r )) of the 
Kleinian group Gk l (resp. Gk r ) ) is characterized by a hyperbolic geometry. 

It thus corresponds to the neighbourhood D% L (resp. D-£ R ) of the singular locus 
(resp. E R ). 

On the other hand, it is clear from the sequence of contracting surjective morphisms of sin- 
gularizations, developed in propositions 2.7 and 2.8, that the neighbourhood of the singular 
locus must be affected by a hyperbolic geometry. 

Finally, it was proved in proposition 2.3.1 of [Pie2] that there is a deviation to Euclidicity in 
the neighbourhood D-£ L (resp. Dy, r ) of the singular locus which leads to consider a non- 
euclidean hyperbolic space of curvature " — K " on each stratum of D% L (resp. Z?s fl )• ■ 



3.3 Proposition: Versal deformation characterized by a spherical geometry 

Let P(ujl) (resp. P(ujr) ) denote a singular germ of corank inferior or equal to 3 ad codimension 
< 3 on the 3D -differentiable function ^q. (E^(j,mj)) (resp. 4^a- (E R (j, rrij)) ): so, 
ul = (vi l ) or lo l = (uj 1l , uj 2l ) or u L = (uj 1l ,u 2l ,uj 3l ) (resp. uj r = (uj 1r ) or lo r = {ui r ,uj 2r ) 

or U R = (u lR ,U2 R ,U3 R ) )■ 

Let = P(wl) Ql + Rl (resp. f R = P(ujr) Qr + Rr ) denote the versal unfolding of the singular 
germ P(ujl) (resp. P(u>r) ) as described in section 2.10. 

Then, the stratum D ( 3 ) (resp. D ( 3 > ) of the unfolded function fi, (resp. fn) 

TL\<P L JR\<P r 

on cb^, (E^(j,mj)) (resp. (j)^ (E^(j,mj)) ) is characterized by a spherical 
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geometry except perhaps in the neighbourhood of the singular locus D-^ L (resp. D-£ R ) of the 
singular germ P{ojl) (resp. P(lor) ) where the geometry is of hyperbolic type. 

Proof. We are thus concerned with the union of the functions fi U 4>G jrn . (-^£(i' m j)) (resp. 
fR^Jcj^Q. {Eft(j, rrij)) ) i.e. with the unfolded function fi (resp. ) on the 3D -dimensional 
substratum function 4%] (El(j,mj)) (resp. 4>§ {E 3 R (j, mj )) ). 

According to section 2.10 and proposition 2.12, this is equivalent to consider in the neighbourhood 
of the singular germ P(u>l) (resp. P(ujr) ), i.e. on the functions ^(sl) C ^! (E\(j,m,j)) 

(resp. aj(xij) C ^ (E R (j,mj))), Oi{x L ) G #l (resp. cj^xr) e Rr), 1 < i < 3 , the 
projection of the monomial functions oj^ (resp. cj^ ) of the polynomials Rl (resp. Rr ) of the 
quotient algebra of the versal deformation. 

Consequently, the stratum D . (3) (resp. D . (3) ) of P(ool) (resp. P(u>r)) on 

(j^Q. {E\{j,nij)) (resp. 0^ {E R {j,rrij))) is overcrowded leading to a deviation of Eu- 
clidicity characterized by a positive sectional curvature +K > and by a spherical geometry as 
proved in [Pie2]. ■ 

3.4 From the unperturbed Thurston's program to the perturbed one 

We shall now analyze the possible origin of the eight three-dimensional geometries of the Thurs- 
ton's program which can be stated as follows: 

"if M is a (closed) oriented prime 3 -manifold, then there is a finite set 
of disjoint embedded 2 -tori T 2 (j) such that each component of the com- 
plement in M of UT 2 (j) admits a geometric structure in the sense of 
admitting a complete metric, the (necessarily complete) universal met- 
ric cover of which is one of the eight three-dimensional model geometries 
[Gre]." 

As indicated precedingly, the Thurston's program will be split here into an unperturbed 
and into a perturbed one in such a way that the perturbed part of the Thurston's program 
results from deformations of the unperturbed Thurston's program due to singularities. 

So, the unperturbed Thurston's program will be assumed to originate from the global 
Langlands program in real dimensions three and two in such a way that: 

a) the representation space Repsp(GL3(i ; Vxi ? „)) of the algebraic bilinear semigroup GL3(i^x 
F v ) over the product, right by left, of sets Fjj and F v of symmetric completions of finite 
extensions of a global number field k of characteristic zero generates a double tower 
of increasing (compact) three-dimensional euclidean subspaces E^(j,rrij) and 
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Eft(j,m,j) , 1 < j ' < r < oo , localized respectively in the upper and lower half 
3D -spaces as developed in proposition 2.2; 

b) the representation space Repsp(GL2(i ? J 1 x Fj)) of the two-dimensional algebraic bilinear 
semigroup GL^-F^ x Fj) over the product, right by left, of sets F^ and Fj of symmetric 
toroidal completions generates a double tower of increasing two-dimensional tori 
T^(j) and Tj|(j) as indicated in proposition 2.3. 

The reason of considering two-dimensional algebraic bilinear semigroups in the unperturbed 
Thurston's program is that: 

a) the generated tori T|(j) and are two-dimensional compact manifolds. If they are 
isotopic to boundary components of 3D -manifolds, then, these are said to be geometrically 
atoroidal [Thul], [G-L-T] . 

b) these tori T 2 (j) (resp. T^(j) ) may be glued together pairwise by diffeomorphisms to 
obtain a closed 3 -manifold or a 3 -manifold with toral boundary [And] . 

At this stage, we can take up the perturbed Thurston's program which can be summa- 
rized in the three main propositions. 

3.5 Proposition: Local geometries round singular loci on 3 -manifolds 

Assume that the sections (-^£0) m j)) (resp. ^G jm . m .?)) ) °f the semisheaf G (.i) 

(resp. 6* G ( 3 ) ) on the euclidean upper (resp. lower) 3 -semispaces E\{j, rrij) (resp. E^{j,mj) ) 

R 

are affected by singularization surjective morphisms in such a way that the coranks of their sin- 
gular germs are inferior of equal to three. 

Then, the neighbourhood of the singular loci of these singular germs of corank three, 
two and one are characterized respectively by the local geometries H 3 , ( H 2 xl or 
SL 2 (M) j and (Nil or Sol ). 

3.6 Proposition: Local geometries of versal deformations on 3 -manifolds 

Assume that the semisheaf 0^ (3) (resp. 0^ (3) ), of which sections on the upper (resp. lower) 
3 -semisub spaces are affected by degenerate singularities of corank inferior or equal to three, is 
submitted to versal deformations of codimensions inferior or equal to three. 

Then, the neighbourhoods of the unfolded germs in codimensions three, two and one 
on the sections of #jX( 3 ) (resp. 6* G (a) ) are characterized respectively by the local 
geometries S 3 , S 2 X E and Sol . 



17 



3.7 Proposition: The Poincare conjecture resulting from the Thurston's pro- 
gram 

Assume that the neighbourhood of an unfolded germ in codimension 3 on a section 
of 0* 

,(3) or °f #*(3) is a closed simply connected 3 -(semi)manifold. Then, it is the 
3 - "sphere" S 3 . The elimination of the hypothesis of sphericality leads naturally to 
the Poincare conjecture 

3.8 Geometric structure on a 3 -manifold 

• The proofs of propositions 3.5, 3.6 and 3.7 are "clearly" based on the generation of the 
three-dimensional local geometries depending on singularities of corank 1 , 2 and 3 and 
on their versal unfoldings in codimensions 1 , 2 and 3 . 

These proofs will be developed in the following, but, before approaching this question, the 
geometric structure on a manifold will be introduced [B-T], [C-M], [Kol]. 

• The considered manifolds (or, more exactly, semimanifolds since they are localized in the 
upper or in the lower half space) are connected (differentiable) manifolds of dimension 3 
generally without boundary [Sha]. 

A geometric structure on a manifold M is defined by a locally Riemannian metric 
given by a positive definite quadratic form. 

The isotropy group of the geometric structure at a point x <G M is defined as the group 
G x of linear automorphisms of the tangent space T x M verifying 

T x (p : T X M ► T x M 

where T x (j) are the differentials of the local isometries sending x into itself [Bon]. 

In this respect, let G be the group acting transitively on M in such a way that the 
stabilizer G x of x G M is compact for the compact open topology. 

A complete geometric structure on M defines a complete (X, G) -structure on M , 

given by an atlas modelling locally M over X , where X is the universal covering of M 
and where G is the isometry group of X [H-R-S] . 

A geometry in dimension 3 consists in a pair (X, G) where X is a connected 
3 -manifold on which the group G acts transitively. 

G is generally a Lie group and the consideration of a Lie subgroup H leads to the quotient 
G/H having dimension 3 . H must be isomorphic to a closed subgroup of 0(3) . 

Thurston introduced eight geometries (X, G) for which there is at least one finite volume 
complete (X, G) -structure [Bon] . 
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• For example, the representation space Repsp(GL3(i^ x F v )) of the algebraic bilinear semi- 
group GL3(F^j x F v ) is composed of a left and a right (semi)manifold of which charts are 
respectively three-dimensional euclidean subspaces E^(j,rrij) and E^(j, mj) . 

Thus, this left or right (semi)manifold, having by hypothesis a curvature being equal to zero, 
has a geometric structure (X, G) in such a way that X is isometric to the Euclidean 
space E 3 and G is the isometry group Isom(.E 3 ) described by the exact sequence: 

O ► R 3 ► Isom(£ 3 ) ► 0(3) ► O . 

G is then a discrete group of isometries of E 3 and is torsion free. 

If G is a finite extension of Z5 , G is infinite cyclic and E 3 /G is the interior of a solid 
torus or a solid Klein bottle [Sco]. 

• We are now in a position to approach the proofs of propositions 3.5, 3.6 and 3.7. 



3.9 Proof of Proposition 3.5: Local geometries round singular loci 

We have to prove that the neighbouring chart of the singular locus of a degenerate 
singular germ of corank three, two and one is characterized respectively by the local 
geometry H 3 , H 2 X R or PSL 2 (R) and Nil or Sol. 

We refer to the excellent paper of P. Scott [Sco] for the description of these geometries. 

a) Case of corank 3 : the geometry of H 3 

It appears from proposition 3.2 that the ordinary sets CI(Gk) in the neighbourhood of the 
singular locus of a degenerate singular germ are characterized by a hyperbolic geometry. 
As the envisaged singularity is of corank 3 , the local geometry round the singular locus is 
the geometry H 3 characterized by a negative curvature which is equal to —1 if the metric 
is rescaled [McM], [Mill], [Mil2]. 

In fact, the neighbourhood of the singular locus is isometric to the hyperbolic 
3 -space [Bra] 

H 3 = {(xi,x 2 ,x 3 ) GR 3 ,x 3 >0} . 

The group of orientations preserving the isometries of H 3 is isomorphic to PSL(2, C ) : it 

is the group of Mobius transformations of C U{cx)} given by maps of the form z — > aZ , 

cz + a 

where a , b , c , d G C and ad — cb ^ . 

The group of complex matrices ( J acts on R^ , extending its natural action on C U 



{oo}. 



c d 
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b) Case of corank 2 : 



1) The geometry of H 2 X R : 

As we are considering the local geometry round a singular germ of corank 

2 , the ordinary sets CI(Gk) round the singular locus must be characterized by 
the hyperbolic geometry H 2 . But, as the charts M c of the sections of sem- 
isheaves 6^ (3) and 6>^ (3) are three-dimensional, they must be characterized by 

a local geometry of type H 2 X R leading to the natural action of the group 
G = lsom(H 2 ) x Isom(R) . Thus, the isometry group of H 2 x R is isomorphic to 
lsom(H 2 ) x Isom(R) , and the local geometry H 2 x R is non-isotropic. 
If G is the discrete group of isometries of H 2 x R having as quotient the chart M c , 
then the natural foliation of H 2 x R by lines gives M c the structure of a line bundle 
over some hyperbolic surface in such a way that M c cannot be closed [Sco], [Zhe]. 

2) The geometry of PSL 2 (R) 

But, there exists also a twisted version H 2 x R of the local geometry H 2 X R 
given by T 1 H 2 which is the unit tangent bundle of H 2 , consisting of all tangent 
vectors of length 1 of H 2 . Topologically, H 2 x R is homeomorphic to Hi x R . 
The metric of H 2 fixes a metric on T 1 H 2 by taking into account that the tangent 
space T 1 H 2 at v € T 1 H 2 splits as the direct sum of a line L v and of a plane P v , 
where L v is the tangent line to the fibre p~ 1 (p(v)) where: 

• P v consists of all infinitesimal parallel translations of v along geodesies passing 
through the point p(v) € H 2 . 

• p : T 1 H 2 — > H 2 is the natural projection associating its base point to each 
v G T 1 H 2 . 

There is a natural identification of T 1 H 2 with PSL2(R), the orientation 
preserving the isometry group of H 2 on T 1 H 2 . As the action of this group is 
transitive and free, the choice of a base point identifies this group with T 1 H 2 . Every 
orientation preserving the isometry of H 2 is a linear fractional map of the form 

az + b 

z ► , a, b, c, a G M , ad — be = 1 , 

cz + a 

which defines a group isomorphism between the orientation preserving the isometry 
group of H 2 and the matrix group PSL 2 (R) = SL 2 (R)/(±Id) . 

If G is a discrete subgroup of isometries of PSL^R) acting on the chart(s) M c , then 
the foliation of PSL2(R ) by vertical lines gives M c the structure of a line bundle over 
a non-closed surface H 2 . 
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c) Case of corank 1 : 



1) The geometry of Nil : 

As PSL^R) is a line bundle over H 2 , there exists a geometry Nil which consists in 
a line bundle over the non-closed Euclidean plane E 2 : it is a twisted version E 2 x E l 
characterized on R 3 by the Riemannian metric: 

ds 2 = dx\ + dx?, + (dxg — x^dx2) 2 • 

As there is a negative deviation to Euclidicity in the third dimension " x$ " , 
there must exist a singular point of corank 1 in this dimension " X3 " . 

This would correspond to a local geometry H 1 x E 2 round the singularity since 
H 1 C R ~ E 1 . 

The charts M c on the sections of semisheaves 0^ (3) (resp. 0^ (3) ) are characterized 

L R. 

by a Nil geometry of which isometry group G is nilpotent and given by (3 x 3) real 

(\ a b\ / 100 \ 

upper (resp. lower) unitriangular matrices of the form 1c (resp. a 1 ). 

\0 1/ \bclj 

This leads to the exact sequence [Tho]: 

O ► R > Nil > M. 2 > O 

where R consists of the elements of Nil with a = c = . 

2) The geometry of Sol : 

There still exists a geometry associated with a singularity of corank 1 . It is the Sol 
geometry characterized by the Riemannian metric 

ds 2 = e +2x3 dx 2 + e- 2x3 dx\ + dx\ 

which is such that the discrete group G of transformations of charts of 6^ (3) and of 
9* (3) acts according to: 

(xi,x 2 ,x 3 ) ► (e e~ c x\ + a, e' e c x 2 + b, 23 + c) 

where a, b, c € R . 

This group G is defined as a split extension of R 2 by R according to the exact 
sequence: 

O ► R 2 ► Sol ► R > O 

in such a way that t in R acts on R 2 by the map sending {xi,X2) to (e* x±, e - * X2) ■ 
this corresponds to a linear isomorphism of R 2 with determinant one and distinct real 
eigenvalues. Such a linear map is called a hyperbolic isomorphism of R 2 . And, Sol/G 
is a bundle over a 1 -dimensional orbifold with fibre S 1 xR and base R . So, the 
local geometry round the degenerate singularity of corank 1 would be 
H 1 X S 1 X R since: 



21 



• the dimension " X2 " undergoes a negative deviation to Euclidicity due to the 
factor e~ 2x3 of dx\ in ds 2 : this explains the hyperbolic geometry H 1 Cl in 
H 1 x S 1 x R and the existence of the base H 1 of the bundle Sol/G . 

• the dimension " x\ " undergoes a positive deviation to Euclidicity due to the factor 

This is due to the versal unfolding in this dimension, i.e. of codimension one, of 
the considered degenerate singularity; this explains the spherical geometry S 1 in 
H 1 x S 1 x R . 

Thus, any 3 -dimensional chart M c , endowed with a degenerate singular- 
ity of corank 1 and codimension 1 , has a geometric structure modelled 
on Sol and is characterized by a natural foliation associated with the 
(sub)geometry S 1 X R . ■ 

3.10 Proof of Proposition 3.6: Local geometries of versal deformations 

We have to prove that the neighbouring chart of an unfolded germ in codimension 
three, two or one is characterized respectively by a local geometry S 3 , S 2 X R or 
Sol. 

a) Case of codimension 3 : the geometry of S 3 : 

It appears from proposition 3.3 that the neighbouring chart of an unfolded degenerate 
singular germ is characterized in the neighbourhood of the singular locus by a spherical 
geometry. As the codimension of the considered versal unfolding is equal to three, the local 
geometry round the singular locus must be the geometry of S s characterized by a 
positive curvature which is equal to +1 if the metric is rescaled [Ber]. In fact, the envisaged 
neighbouring chart is isometric to the unit sphere 

4 

S 3 = {(xi,x 2 ,x 3 ,x 4 ) € R 4 ; £ x\ = 1} 

i=l 

with the Riemannian metric induced by the Euclidean metric of R 4 = E . 

The isometry group of S 3 is Isom(S' 3 ) which contains the orthogonal group 0(4) . 

Let (f) = S 3 — > SO(4) be the isometry of 5 3 sending x G S 3 to q x q^ 1 . Then the image 
of <f> lies in the subgroup of SO(4) fixing 1 , which can be identified with SO (3) . 

Remark that the considered neighbouring chart of the unfolded degenerate singular germ 
in codimension 3 is not necessarily closed. 

b) Case of codimension 2: The geometry of S 2 xl [Whi]: 

As we are considering the charts or the manifold M c referring to the versal unfolding in 
codimension 2 of a degenerate singular germ, (their) its local geometry has to be of type 
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S 2 . But, as the envisaged chart(s) is (are) tridimensional, its (their) local geometry is (are) 
5 2 xR of which isometry group is Isom(S' 2 ) x Isom(R ) . 

This manifold (or chart (s)) M c thus has the structure of a bundle over the 1- 
dimensional base orbifold R with fibre S 2 resulting locally from a versal de- 
formation in codimension 2 . 

c) Case of codimension one: The geometry of Sol : 

The chart of the versal unfolding in codimension one of a degenerate singular germ must be 
characterized by the local spherical geometry S 1 . As the corank of the versal unfolding in 
codimension one of a singular germ cannot be generally superior to one and as the envisaged 
chart of manifold is three-dimensional, the local geometry of a 3 -chart or a 3 -manifold 
referring to a versal unfolding in codimension one must be H 1 x S 1 x R , i.e. the Sol 
geometry is considered in section 3.9, c), 2). ■ 

3.11 Proof of Proposition 3.7: The Poincare conjecture resulting from the 
Thurston's program 

This proposition asserts that the manifold M c (or chart) resulting from the versal un- 
folding in codimension 3 of a degenerate singular germ is the 3 -sphere S 3 if it is 
closed and simply connected: this corresponds to a natural strong version of the Poincare 
conjecture in dimension 3 , i.e. when the considered manifold is generated by versal unfolding 
from a degenerate singular germ. 

The Poincare conjecture then appears as originating from the Thurston's geometrization program 
in the case of a versal deformation in codimension 3 leading to a manifold having the geometry 
of S" 3 . On the other hand, from the standard hypothesis of the Poincare conjecture, we know 
that the manifold M c must be closed and simply connected, i.e. composed of closed curves. 
Then, it is clear that this manifold M c is the 3 -sphere S 3 , which is composed of closed curves 
(i.e. circles) having the same length: this corresponds to the strong version of the Poincare conjec- 
ture. To reduce this strong version of the normal version of the Poincare conjecture, 
we have to eliminate the hypothesis of sphericality of M c as resulting from a versal 
deformation in codimension 3 . That is to say, our manifold M c can be also characterized 
locally by a hyperbolic and by an euclidean geometry. 

Then, M c , being closed, simply connected with all closed curves having the same length, can be 
deformed continuously by homeomorphism in order to become homeomorphic to S* 3 . This leads 
to the Poincare conjecture: "Any closed, simply connected 3 -manifold of which closed 
curves have the same length is homeomorphic to S s ," which differs slightly from the clas- 
sical Poincare conjecture: "Any closed, simply connected 3 -manifold is homeomorphic 
to S 3 ." ■ 
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